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Abstract: We study the second derivative effects on the constitutive relations of an un-
charged parity-even Galilean fluid using the null fluid framework. Null fluids are an equiv-
alent representation of Galilean fluids in terms of a higher dimensional relativistic fluid,
which makes the Galilean symmetries manifest and tractable. The analysis is based on the
offshell formalism of hydrodynamics. We use this formalism to work out a generic algo-
rithm to obtain the constitutive relations of a Galilean fluid up to arbitrarily high derivative
orders, and later specialise to second order. Finally, we study the Stokes’ law which deter-
mines the drag force on an object moving through a fluid, in presence of certain second
order terms. We identify the second order transport coefficients which leave the drag force
invariant.
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1 | Introduction
Hydrodynamics is the universal low energy effective description of a finite temperature field
theory around its thermodynamic equilibrium. A fluid configuration is described by certain
fluid variables, typically chosen to be a normalised velocity, temperature and chemical poten-
tials associated with any internal symmetries. Dynamical equations for these variables are
provided by the conservation of energy-momentum and any additional charges associated
with the internal symmetries. By the virtue of being a low energy description, the length
scales over which the fluid variables vary are taken to be large compared to the mean free
path of the system. Thus, fluid energy-momentum tensor and charge currents admit a per-
turbative expansion in terms of derivatives of fluid variables, known as the fluid constitutive
relations. At any given order in the derivative expansion, the constitutive relations contain
all the possible tensor structures made out of fluid variables and their derivatives, multiplied
with arbitrary functions of temperature and chemical potentials. These coefficients are known
as the transport coefficients of the fluid. It is well known that if the dissipative hydrodynam-
ics is truncated only at first derivative order with shear and bulk viscosity coefficients, there
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are always linearised fluctuations for which the wave-front speed is superluminal [1–3] and
thus the causal structure of the theory is broken. Thus within the hydrodynamic framework,
it was noted long ago by Muller, Israel and Stewart [4–6] that one needs to go beyond the first
derivative order and add specific second order terms to address the issue of causality. Since a
causal system of second-order hydrodynamic equations is required in many situations, such
as numerical simulations [7, 8], a more systematic and detailed analysis of second order fluid
transport has since been performed [9].
Although relativistic hydrodynamics is extremely useful at various physical fronts, non-relativistic
hydrodynamics also enjoys an active interest in the physics community. On our day to day en-
ergy scales, the world is governed by non-relativistic physics. In this sense, a non-relativistic
fluid can be thought of as an effective version of a relativistic fluid under a non-relativistic
(large speed of light) limit. Hence, it is natural to expect that the associated constitutive re-
lations, obtained as an effective description of a relativistic theory, may contain new terms
which were not considered in the coarse grained description of relativistic hydrodynamics.
This is apparent even at the first derivative order wherein the non-relativistic fluid contains
an additional transport coefficient called the thermal conductivity.
Conventionally, non-relativistic hydrodynamics is studied by writing down a fluid theory
whose fundamental symmetry group is Galilean as opposed to Poincaré for relativistic hy-
drodynamics. However, as the Galilean symmetry treats time and space coordinates on a
different footing, the analysis becomes much more cumbersome. In a series of papers [10–
13], we devised a new mechanism to study non-relativistic hydrodynamics. We constructed
a tweaked relativistic fluid in one higher dimension, called a null fluid, and showed that
it is equivalent to a Galilean fluid in all respects. We also provided a simple dictionary,
using the well established procedure of null reduction [14], to translate between the null
fluid and conventional Galilean fluid languages. Apart from representing Galilean fluids in
a familiar and intuitive relativistic framework, null fluids also allow us to directly import
the well developed results and machinery of relativistic hydrodynamics into Galilean fluids.
For instance, we have successfully employed the null fluid framework to study first order
(anomalous) charged Galilean hydrodynamics in [10, 11], using both the second law of ther-
modynamics and equilibrium partition functions [15, 16] to determine physical constraints
on the transport coefficients. We have also introduced the offshell formalism for relativis-
tic hydrodynamics [17] into Galilean hydrodynamics, and used it to study the influence of
anomalies on the Galilean fluid constitutive relations [12] following the corresponding devel-
opment in relativistic hydrodynamics (see [17–19] and references therein). Recently, following
the analysis of relativistic superfluids in [20–22], we studied first order (anomalous) Galilean
superfluids in [13]. These results were used to study surface transport in Galilean superfluids
in [23].
In this paper, our aim is to perform a complete analysis of second order Galilean hydrody-
namics using null fluids. As we stated above, causality demands the inclusion of second order
transport coefficients in relativistic hydrodynamics, so it is natural to expect an impression
of these to propagate into non-relativistic hydrodynamics as well. Moreover, since null fluids
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are a relativistic system, we are also required to include the second order terms on grounds
of consistency with causality. We focus on the parity-even uncharged case for computational
simplicity, although the generalisation of our results, albeit computationally involved, should
be straight forward. We start by outlining a generic algorithm to work out the constitutive re-
lations of a Galilean fluid up to arbitrary orders in derivative expansion in offshell formalism.
This is based on a recent classification scheme for the entire relativistic hydrodynamic trans-
port presented in [22, 24, 25]. Later, we use this algorithm to study the second order Galilean
fluids. We find that in addition to the pressure at ideal order, and bulk viscosity, shear viscos-
ity and thermal conductivity at first order, there are 25 coefficients at second order. 5 of them
are hydrostatic, i.e. they govern the equilibrium configuration of the fluid. 9 are dissipative,
i.e. they are responsible for the production of entropy during dynamical processes, while the
remaining 11 quantify dynamical processes which do not cause any dissipation.
To explore the physical significance of these second order transport coefficients, we study
the effect of some representative terms on the Stokes’ law. It is a famous hydrodynamic
equation with numerous applications in physics and even in biology, that determines the
drag force experienced by a body when moving through a fluid. If we acknowledge that
there is an underlying causal relativistic theory behind our non-relativistic fluid, of which
our non-relativistic fluid is just a low-energy description, this simple law will get modified by
inclusion of the appropriate second order effects. In this article, we shall explore how some
of the second order transport coefficients appearing in non-relativistic hydrodynamics might
affect the Stokes’ law. We also identify a class of second order terms, which leave the Stokes’
law invariant.
We should comment that in this paper we use the terms “non-relativistic fluid” and “Galilean
fluid” interchangeably. In principle, a Galilean fluid is defined as the most generic fluid
which obeys Galilean symmetries. In this sense, a non-relativistic fluid is a special kind of
Galilean fluid which follows by taking a non-relativistic limit of a relativistic system. This is
to say that there might be some additional constraints on the Galilean fluid, following from
the requirement that it should follow under a non-relativistic limit. In our previous work
however (see section 5 of [13]), we argued that there are no such additional constraints and
that every Galilean fluid can in fact be obtained via a non-relativistic limit.
The paper is organised as follows. We start section 2 with a brief review of null fluids and
offshell formalism. We outline the generic algorithm to construct the null fluid constitutive
relations at arbitrarily high derivative orders in section 2.3, and illustrate how first order con-
stitutive relations fit into this scheme in section 2.4. In Section 3, we use this algorithm to
work out the second order constitutive relations of a Galilean fluid. For readers not interested
in the computational details, the results have been summarised in tables 2 to 6. In section 4,
we review the translation of null fluid constitutive relations into the conventional Galilean no-
tation, and use it to obtain the constitutive relations of a Galilean fluid up to second derivative
order. The final results gave been given in tables 8 to 10. We explore how these second order
terms might affect the well known Stokes’ law in section 5, exploring the physical significance
of our results. Finally, we close the paper with some discussion in section 6.
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2 | Crash course in null fluids
In [11] we proposed “null fluids” as a new viewpoint of Galilean fluids. The main benefit of
working in this formalism is that it is effectively a “relativistic embedding” of a Galilean fluid
into one higher dimension. This enables us to import the preexisting relativistic machinery
and intuition into Galilean hydrodynamics. In this section we collect some of the results about
null fluids which we use throughout this paper. The discussion is self contained, albeit brief.
For more details, the reader is encouraged to refer to our previous papers, especially [11, 13,
22].
2.1 Null backgrounds and null fluids
Simply put, hydrodynamics is the study of long wavelength fluctuations of a quantum system
on top of some slowly varying background fields. In this sense, the rules of hydrodynamics
are governed by the background we start with. For example, consider a (d+ 2)-dimensional
background with a metric gMN and an invariance under diffeomorphisms which act on the
metric as
δXgMN = £χgMN = ∇MχN +∇NχM. (2.1)
Here X = {χM} are some arbitrary parameters and ∇M is the covariant derivative associated
with the Levi-Civita connection
ΓRMN =
1
2
gRS (∂MgNS + ∂NgMS − ∂RgMN) . (2.2)
Hydrodynamics on this background corresponds to a usual (uncharged) relativistic fluid. To
study null fluids however, we need to tweak this background by introduction of a vector field
V = {VM} which is null VMVM = 0, covariantly constant ∇MVN = 0 and is an isometry
δVgMN = £VgMN = ∇MVN +∇NVM = 0. (2.3)
We call these null backgrounds. They provide a natural “embedding” for Galilean (Newton-
Cartan) backgrounds into a relativistic spacetime of one higher dimension. We will only
be interested in fluctuations that respect the symmetries of the background, i.e. they must
transform appropriately under diffeomorphisms and admit δV = 0. Few key points to note
about null backgrounds: the Riemann curvature tensor
RMNRS = 2∂[RΓ
M
S]N + 2Γ
M
T[RΓ
T
S]N, (2.4)
has vanishing contractions with V: RMNRSV
N = 2∇[R∇S]VM = 0. Furthermore, we have a
consistency condition on V: HMN ≡ 2∂[MVN] = 2∇[MVN] = 0. From a mathematical standpoint,
perhaps it is more natural to introduce a torsion tensor TRMN, in presence of which this condi-
tion becomes VRT
R
MN = HMN and lifts the constraint from V. However, in interest of simplicity,
we will work with torsion-less null backgrounds and comment on the “unnaturalness” as it
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arises.
Given the diffeomorphism symmetry, Noether theorem implies that our theory has an energy-
momentum tensor TMN in its spectrum. The respective conservation law is given as
∇MTMN = 0. (2.5)
On null backgrounds we must further require that δVT
MN = 0. Consequently, TMN is only
defined up to terms proportional to VMVN as ∇M(#VMVN) = VNδV# = 0. We will extensively
use this freedom to ignore terms proportional to VMVN in TMN throughout this paper.
Having (d + 2) independent components, the conservation law (2.5) can provide dynamics
for a “fluid theory” formulated in terms of arbitrary (d + 2) variables. We choose these to
be a normalised null fluid velocity uM (with uMVM = −1, uMuM = 0), a temperature T and a
mass chemical potential µm, collectively known as the hydrodynamic fields. We sometimes work
with a scaled mass chemical potential ̟ = µm/T. On a null background, we must further
demand these fields to be compatible with V, i.e. δVu
M = δVT = δVµm = 0. In general,
TMN can arbitrarily depend on the hydrodynamic and background fields. But fortunately
in hydrodynamics, we are only interested in low energy fluctuations of the hydrodynamic
fields and a slowly varying background. This allows us to treat derivatives as a perturbation
parameter. A null fluid is therefore completely characterised by a covariant expression for TMN
in terms of gMN, V
M, uM, T, µm and their derivatives, truncated to a desired derivative order,
known as the null fluid constitutive relations. At any given order, the constitutive relations can
admit some tensor structures made out of the constituent fields and their derivatives called
data, multiplied with arbitrary functions of T and µm called transport coefficients. To this end,
hydrodynamics is just a combinatorial exercise of enlisting all the possible tensor structures
at a given order in derivatives.
To make things more interesting, we need to realise that fluids are thermodynamic systems.
We have already imposed the first law of thermodynamics (conservation of energy) implicitly
in form of the conservation laws (2.5). In addition, they are also required to satisfy a version
of the second law of thermodynamics. It states that there must exist an entropy current JMS whose
divergence is positive semi-definite everywhere, i.e.,
∇M JMS = ∆ ≥ 0, (2.6)
as long as the fluid is thermodynamically isolated (i.e. conservation laws eq. (2.5) are satis-
fied). Note that like TMN, the entropy current JMS is only defined up to terms proportional to
VM. In null hydrodynamics, our goal is to find the most generic constitutive relations TMN
and some associated JMS and ∆ order by order in derivative expansion, such that eq. (2.6) is
satisfied for all thermodynamically isolated fluids. As innocuous as this statement sounds,
the complexity involved drastically increases as we increase the derivative order. There is
however, an equivalent but much neater way to work out these constitutive relations, called
the offshell formalism [17]. In the next subsection, we adapt this formalism to null fluids.
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2.2 Offshell formalism
As it turns out, most of the trouble while implementing eq. (2.6) roots from the fact that it
needs to only be imposed on the solutions of the equations of motion, i.e. onshell. We can
relax this condition by coupling the fluid to an external momentum source PMext, so that the
conservation law (2.5) is no longer satisfied. Having done that, eq. (2.6) gets modified with
an arbitrary combination of PMext giving us
∇M JMS + βMPMext = ∇M JMS + βN∇MTMN = ∆ ≥ 0, (2.7)
where B = {βM} is an arbitrary vector multiplier. This equation is referred to as the offshell
second law of thermodynamics. It can be rewritten into a more useful form by defining a free
energy current GM
−G
M
T
= NM = JMS + T
MNβN. (2.8)
Eq. (2.7) now turns into a conservation equation for free energy
∇MNM = 1
2
TMNδBgMN +∆, ∆ ≥ 0. (2.9)
Here δBgMN is of course 2∇(MβN). Recall that the hydrodynamic fields uM, T and µm were
some arbitrary fields chosen to describe the fluid. Like in any field theory, they are permitted
to admit an arbitrary redefinition among themselves without changing the physics. This huge
amount of freedom can be fixed by explicitly choosing
uM = − β
M
VMβM
+
βRβRV
M
2(VNβN)
2
, T = − 1
VMβM
, µm =
βMβM
2(VNβN)
2
, (2.10)
or conversely
βM =
1
T
(uM − µmVM) . (2.11)
It follows that βM can be understood as a rewriting of the conventional hydrodynamic fields
uM, T and µm. Although this is a very convenient “frame” choice for our analysis, it might
not be the most useful one for applications. But once we have obtained a consistent set of
constitutive relations, we can always field transform to any desired frame.
To agree with the second law of thermodynamics, we need to find the most generic TMN
written in terms of βM, gMN and V
M which satisfies eq. (2.9) for some NM and ∆. There is
one minor subtlety to keep in mind though: TMN found this way will also contain informa-
tion about the external sources PNext = ∇MTMN. Therefore, in the end we must identify the
constitutive relations which are related to each other up to combinations of equations of mo-
tion or their derivatives. Generically, equations of motion determine the “time” derivative
of the fundamental fields, so without any loss of generality we can use them to eliminate
uM∇MβN + uM∇NβM = uMδBgMN from our constitutive relations. Consequently, we will only
be interested in the constitutive relations TMN which are independent of uMδBgMN.
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2.3 Classification of constitutive relations
We need to find the most generic solutions to eq. (2.9) up to a given order in derivatives.
We could take the “brute-force” approach wherein we plug in the most generic expressions
for TMN and NM up to a given derivative order, and find constraints arising from ∆ ≥ 0.
These constraints can be fairly complicated at higher derivative orders and crucially depend
on the choice of basis for the tensor-decomposition of TMN and NM. But we can do better:
we can write down a “solution generating algorithm” following [22, 24] which will work
at arbitrarily high derivative orders, as we now outline. We will then go on to apply this
algorithm to second order null fluids in section 3. The discussion in this subsection parallels
[22].
First and foremost we consider trivial solutions of eq. (2.9) which do not contribute to the
constitutive relations:
• Entropy transport (Class S): These are solutions of eq. (2.9) of the kind NM = NMS , TMNS = 0
such that ∇MNMS = ∆S is a quadratic form. They contain, for example, NMS = ∇NX[MN] for
an arbitrary antisymmetric tensor X[MN] or NMS = SVM for an arbitrary scalar S , for both
of which ∆S = 0. Examples for ∆S 6= 0 are slightly complicated but can be obtained after
some effort. These solutions correspond to the transport of entropy in a fluid (JMS )S = N
M
S ,
without any transport of energy-momentum.
Note that if TMN is a solution to eq. (2.9) for some free energy current NM, then instead
the free energy current NM + NMS would also do. Therefore to satisfy the second law of
thermodynamics for a given set of constitutive relations TMN, we can choose any entropy
current from the equivalence class JMS ∼ JMS + NMS . In a strict sense therefore, Class S solutions
are not really “hydrodynamic”. They merely parametrise the multitude of entropy currents
which might satisfy the second law for a given set of constitutive relations.
Getting these redundancies out of the way, we can now focus on the actual physical solutions.
We broadly split the constitutive relations into two sectors: hydrostatic and non-hydrostatic
based on the tensor structures that go into making them. Non-hydrostatic tensor structures
are those which contain at least one instance of δBgMN or its derivatives. On the other hand,
hydrostatic tensor structures are the largest collection of independent tensor structures with
no non-hydrostatic linear combination. The terminology is based on the concept of equilibrium:
a background is said to admit a hydrostatic configuration if it has a timelike isometry K =
{KM}. On such a background, a hydrostatic configuration is given by βM = KM which trivially
satisfies the equations of motion. By definition therefore, hydrostatic constitutive relations
are the only ones that survive in a hydrostatic configuration and govern the equilibrium
physics.
Spoiler alert! The second law imposes strict constraints in the hydrostatic sector allowing
for only specific combinations of tensor structures to appear, while in the non-hydrostatic
sector it merely gives a few inequalities at the first order in derivatives and none thereafter
[26, 27].
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• Hydrostatic transport (Classes HS, HV and A): These are solutions of eq. (2.9) made purely
out of hydrostatic tensor structures. They have ∆ = 0 and are completely characterised by
a free energy current of the form
NM = (N βM +ΘMN ) + NM. (2.12)
Here N is the most generic hydrostatic scalar, while ΘMN is an appropriate non-hydrostatic
vector added to ensure that the term in parenthesis has exactly one bare (without deriva-
tives) δBgMN in its divergence to match-up with the RHS of eq. (2.9). We can work out the
corresponding constitutive relations, called Class HS for hydrostatic scalars, by noting that:
∇M(N βM) = 1√−g δB(
√−gN )
=
1
2
N gMNδBgMN + ∂N
∂gMN
δBgMN +
∂N
∂(∂RgMN)
∂RδBgMN + . . .
≡ 1
2
TMNHS δBgMN −∇MΘMN .
(2.13)
Here∇MΘMN is a total derivative term gained after successive differentiation by parts, which
definesΘMN . Note that if N has some total derivative terms, i.e. N = ∇MXM for an arbitrary
hydrostatic vector XM, upon choosing ΘMN = − 1√−gδB(
√−gXM) the free energy current
N βM +ΘMN = βM∇NXN − 1√−gδB(
√−gXM) = 2∇N(β[MXN]) has zero divergence, and hence
belongs to Class S. Class HS constitutive relations are therefore characterised by the most
generic hydrostatic scalar N up to total derivatives.
On the other hand, NM contains all the hydrostatic vectors transverse to uM and VM whose
divergence contains exactly one bare δBgMN. Intuitively, this means that we want to find
“spatial” vectors without any “time” derivative in them, whose divergence however still con-
tains a “time” derivative. Slight thought will reveal that this is only possible in parity-odd
sector, which we are not considering in this work. For completeness, we should mention
that they contain contributions from anomalies (Class A) and some other parity-odd terms
commonly dubbed as transcendental anomalies (Class HV) (see [12] for more details), and are
totally determined up to some constants.
• Non-hydrostatic transport (Classes D and D): These are solutions of eq. (2.9) made purely
out of non-hydrostatic tensor structures. They are best expressed by introducing a sym-
metric covariant derivative operator DnM1M2 ...Mn = ∇(M1∇M2 . . .∇Mn). They form a basis for
arbitrary derivative operators because antisymmetric combinations can always be replaced
by combinations of Riemann curvature tensor. We can now write down the most generic
non-hydrostatic constitutive relations as combinations of DnδBgRS for all n. A particularly
convenient parametrisation is
TMNnon-hydrostatic = −
1
2
∞
∑
n=0
[
C
(MN)(RS)
n
1
2
DnδBgRS +D
n
(
C
(MN)(RS)
n
1
2
δBgRS
)]
, (2.14)
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where C
(MN)(RS)
n is an arbitrary matrix with n additional symmetric indices to be contracted
with Dn. Note that when Dn in the second term hits δBgRS, we get the same term as the first
one. All the other terms coming out of differentiation by parts have merely been included
for convenience, as we shall see. Some minor comments about the structure of C
(MN)(RS)
n : (1)
It cannot contain an instance of DmgAB for m > n as the respective terms in eq. (2.14) are
taken care of in the C
(MN)(RS)
m term. (2) For an instance of D
ngAB in C
(MN)(RS)
n , we must be
careful not to over-count the terms gained by (MN) ↔ (AB) exchange, which would give
the same contribution to TMNnon-hydrostatic in eq. (2.14).
We can make our lives much easier by thinking of C
(MN)(RS)
n as a
1
2 (d+ 1)(d+ 2) dimensional
matrix, and TMN
D∪D and δBgRS as column vectors. By suppressing the indices in this notation,
the above expression becomes
Tnon-hydrostatic = −14
∞
∑
n=0
[
Cn ·DnδBg+Dn (Cn · δBg)
]
. (2.15)
Using differentiation by parts on the second term we can compute
1
2
δBg
T · Tnon-hydrostatic = −18
∞
∑
n=0
[
δBg
T · Cn ·DnδBg+ δBgT ·Dn (Cn · δBg)
]
,
= −1
8
δBg
T ·
∞
∑
n=0
(
CTn + (−)nCTn
)
·DnδBg+∇MΘMC ,
= −1
4
δBg
T ·
∞
∑
n=0
Dn ·DnδBg+∇MΘMD +∇MΘMD. (2.16)
In the last line we have split Cn into
Dn =
1
2
(
Cn + (−)nCTn
)
, Dn =
1
2
(
Cn − (−)nCTn
)
, (2.17)
and the corresponding contribution to ΘMC into Θ
M
D and Θ
M
D
. Note that for the constitutive
relations coupled toDn, called Class D for non-dissipative, the story pretty much ends here.
We can infer from eq. (2.16) that the associated constitutive relations TMN
D
satisfy eq. (2.9)
with NM = ΘM
D
and ∆ = 0. They correspond to non-hydrostatic transport that does not
cause any dissipation.
For the constitutive relations coupled to Dn however, called Class D for dissipative, we
need to do little more work to ensure that the associated ∆ can be made positive definite.
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To do that, we rewrite the Dn part of eq. (2.16) as
1
2
δBg
T · TD = −1
4
δBg
T ·D0(0) · δBg−
1
2
δBg
T ·D0(0) · (Υ1 · δBg) +∇MΘMD
= − 1
4
((1+Υ1) · δBg)T ·D0(0) · ((1+ Υ1) · δBg)︸ ︷︷ ︸
quadratic form
+
1
4
(Υ1 · δBg)T ·D0(0) · (Υ1 · δBg)︸ ︷︷ ︸
residue
+ ∇MΘMD︸ ︷︷ ︸
total derivative
, (2.18)
where D0(n) denotes the nth derivative piece in D(0), while Υ1 is a differential operator
Υ1 =
1
2
D−1
0(0)
∞
∑
n=1
(
D0(n) +DnD
n
)
. (2.19)
The quadratic form piece in eq. (2.18) is of most interest to us, as it contributes to ∆. The
total derivative piece on the other hand is a contribution to the free energy current NM.
Finally, the residue piece is what we will like to get rid of. Note that every term in Υ1 has at
least one derivative. Consequently, the residue piece is at least 4 order in derivatives. If we
are only interested in the constitutive relations up to second derivative order, we can ignore
this piece altogether. However, we will illustrate the full procedure here for completeness.
Using differentiation by parts, the residue piece can be rewritten as
1
4
(Υ1 · δBg)T ·D0(0) · (Υ1 · δBg) = 14δBg
T ·
(
Υ†1 ·D0(0) · Υ1 · δBg
)
+∇MΘMD,1. (2.20)
Putting this back in eq. (2.18) we get
1
2
δBg
T · TD = − 1
4
((1+Υ1 +Υ2) · δBg)T ·D0(0) · ((1+ Υ1 + Υ2) · δBg)︸ ︷︷ ︸
quadratic form
+
1
2
((
Υ1 +
1
2
Υ2
)
· δBg
)T
·D0(0) · (Υ2 · δBg)︸ ︷︷ ︸
residue
+∇M
(
ΘMD +Θ
M
D,1
)︸ ︷︷ ︸
total derivative
, (2.21)
where Υ2 is another derivative operator
Υ2 = −1
2
D−1
0(0) ·Υ†1 ·D0(0) ·Υ1. (2.22)
Comparing eq. (2.21) to eq. (2.18), hopefully the reader can see a pattern. The quadratic
form piece now has some additional higher derivative terms, whereas we have pushed the
residue piece to 5th derivative order. We can repeat this procedure iteratively to push the
2.4 Results up to first order | 12
residue piece to arbitrarily high derivative orders and obtain
1
2
δBg
T · TD = − 1
4
((
1+
∞
∑
n=1
Υn
)
· δBg
)T
·D0(0) ·
((
1+
∞
∑
n=1
Υn
)
· δBg
)
︸ ︷︷ ︸
quadratic form
+∇M
(
ΘMD +
∞
∑
n=1
ΘMD,n
)
︸ ︷︷ ︸
total derivative
, (2.23)
where
Υd+1
∣∣∞
d=1
= −D−1
0(0) ·
(
d−1
∑
k=1
Υ†k +
1
2
Υ†d
)(
D0(0) ·Υd
)
. (2.24)
We see therefore that the Class D constitutive relations satisfy eq. (2.9) with
∆ =
1
4
((
1+
∞
∑
n=1
Υn
)
· δBg
)T
·D0(0) ·
((
1+
∞
∑
n=1
Υn
)
· δBg
)
, (2.25)
and the free energy current
NM = ΘMD +
∞
∑
n=1
ΘMD,n. (2.26)
The condition ∆ ≥ 0 therefore, only gives a constraint on the first derivative constitutive
relations by forcing all the eigenvalues of D0(0) to be non-negative. See [22] for more details
on this. We do not get any further constraints from the second law at higher derivative
orders in the non-hydrostatic sector.
Recall that to avoid the over-counting of constitutive relations related to each other by
combinations of equations of motion, we had decided to drop all the constitutive relations
that involve uMδBgMN. To respect this, we must demand that none of the (MN)(RS) indices in
C(MN)(RS) should come from a uM. Equivalently C(MN)(RS)VM = C(MN)(RS)VR = 0. Furthermore,
C(MN)(RS) should of course not have an explicit occurrence of uMδBgMN.
2.4 Results up to first order
In [11, 13], we discussed null fluids up to first order in derivatives. We briefly recollect these
results here and illustrate how they fit into the classification presented in the previous subsec-
tion. To setup the notation, we enlist the independent fluid data at first order in table 1.
• Hydrostatic transport (Class HS): The most generic hydrostatic scalar up to first derivative
order is simply
N = P(T, µm), (2.27)
where P(T, µm) is identified with the pressure of the fluid. Interestingly, there are no hy-
drostatic scalars involving just one derivative. We can use eq. (2.13) and find the associated
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Non-hydrostatic — onshell independent
Θ T2 P
MNδBgMN ∇MuM
τM, τ¯M TPMNVRδBgNR P
MN 1
T ∂NT
σMN TPR〈MPN〉SδBgRS 2PR〈MPN〉S∇RuS
Non-hydrostatic — onshell dependent
ΘT Tu
MVNδBgMN u
M 1
T ∂MT
Θ̟
T
2 u
MuNδBgMN u
MT∂M̟
τM̟ TP
MNuRδBgNR P
MN (T∂N̟+ uR∇RuN)
Hydrostatic
τ¯M̟ P
MNT∂N̟
ωMN 2PR[MPN]S∇RuS
Table 1: First order fluid data. Note that we have defined two symbols τM and τ¯M for the term
PMN 1T ∂NT. This is to acknowledge the fact that in the presence of torsion, the term τ¯
M = PMN 1T ∂NT
is actually hydrostatic, while τM = PMN
(
1
T ∂NT + u
RHRN
)
is non-hydrostatic. This distinction will be
handy later. We will also use the acceleration aM = uN∇NuM = τM̟ − τ¯M̟ sometimes.
constitutive relations, which basically gives the entire ideal null fluid
TMNHS = Ru
MuN + 2Eu(MVN) + PPMN +O(∂2), (2.28)
with ΘMN = 0. Here P
MN = gMN + 2u(MVN) is a projector transverse to uM and VM. R = 1T
∂P
∂̟
is identified with the mass density and E = T ∂P∂T − P with the energy density of the fluid.
Together they define the thermodynamic relations
dE = TdS+ µmdR, E+ P = ST+ Rµm, (2.29)
where S is called the entropy density.
• Non-hydrostatic transport (Classes D and D): Looking back at eq. (2.14), we can infer
that since δBgMN already contains a derivative, at first derivative order we only need a
zero-derivative tensor C
(MN)(RS)
0 . It takes the most generic form
C
(MN)(RS)
0 = 2Tη P
M〈RPS〉N + Tζ PMNPRS + 4T2κ V(MPN)(RVS). (2.30)
First thing to note here is that all the terms in eq. (2.30) are symmetric under the exchange
of (MN) ↔ (RS). Consequently, the zero derivative D0 and hence the first derivative Class
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D constitutive relations are identically zero,
TMN
D
= O(∂2), NM
D
= O(∂2). (2.31)
On the other hand, for Class D we get
TMND = −ησMN − ζPMNΘ− 2TκǫV(MτN) +O(∂2), (2.32)
with
NMD = O(∂2), ∆ =
1
2T
ησMNσMN +
1
T
ζΘ2 + κǫτ
MτM. (2.33)
The condition ∆ ≥ 0 simply implies that all the transport coefficients are non-negative
η, ζ, κ ≥ 0. (2.34)
We can identify these transport coefficients as: η shear viscosity, ζ bulk viscosity and κ
thermal conductivity of the fluid.
The full set of constitutive relations up to first derivative order are a direct sum of eqs. (2.28),
(2.31) and (2.32), giving us
TMN = RuMuN + 2Eu(MVN) + PPMN − ησMN − ζPMNΘ− 2TκǫV(MτN) +O(∂2). (2.35)
They are supported by the free energy and entropy currents
NM =
1
T
PuM +O(∂2), JMS = NM − TMNβN = SuM − κǫτM +O(∂2). (2.36)
The transport coefficients follow the thermodynamic constraints in eq. (2.29) at ideal order
and the positivity relations eq. (2.34) at first derivative order.
This finishes our crash course in null fluids. We still need to discuss the translation of these
results to Galilean fluids, which we will come back to in section 4. In the next section, we
will use the machinery developed here to write down the null fluid constitutive relations up
to second derivative order.
3 | Second order null fluids
In the previous section we gave a self contained review of null fluids and presented an algo-
rithm to generate the respective constitutive relations up to arbitrarily high derivative orders.
The goal of this section is to use this algorithm to write down the null fluid constitutive rela-
tions up to second order. Apart from P, η, ζ and κ at previous orders, we find a total of 25
transport coefficients: 5 in Class HS, 9 in Class D and 11 in Class D. For readers who are only
interested in the results, they have been summarised in tables 2 to 6. In the remaining of this
section, we will explain how we arrived at these results.
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3.1 Hydrostatic transport (Class HS)
Let us start with Class HS. As discussed in section 2.3, this class is characterised by the most
generic hydrostatic scalar N up to some total derivative terms. Up to second derivative order,
we have 5 such terms apart from the ideal order pressure
N = P+ 1
2
α1τ¯
M
̟ τ¯̟M + α2τ¯
M
̟ τM +
1
4
α3ω
MNωMN +
1
2
α4ω
MNHMN + α5R+O(∂3), (3.1)
# TMN ∋ 2√−g
δ(
√−gN )
δgMN
= N gMN + 2 δN
δgMN
P gMNP ≡ RuMuN + 2Eu(MVN) + PPMN
α1
1
2T2
τ¯R̟ τ¯̟R g
MN(α1T
2)− 1
T
∇R(α1Tτ¯R̟)uMuN + 2α1V(Mτ¯N)̟ Θ̟ − α1τ¯(M̟ τ¯N)̟
α2
τ¯R̟ τ¯R g
MNα2 − 2T∇R
(α2
T
τ¯R̟
)
u(MVN) − 1
T
∇R(α2Tτ¯R)uMuN
+2α2V
(Mτ¯
N)
̟ ΘT + 2α2V
(Mτ¯N)Θ̟ − 2α2τ¯(Mτ¯N)̟
α3
1
4
ωRSωRSg
MNα3 − α3ωMRωNR + 2α3V(MωN)RaR − 2∇R (α3ωRS) PS(MuN)
α4 −2∇R (α4ωRS) PS(MVN)
α5 Rg
MNα5 − 2RMNα5 + 2∇M∇Nα5 − 2gMN∇R∇Rα5
Table 2: Class HS constitutive relations up to second derivative order. We have defined a differential
operator gMN = gMN + 2Tu(MVN) ∂∂T +
1
Tu
MuN ∂∂̟ for brevity.
# NM ∋ N βM +ΘMN
P
1
T
PuM
α1
α1
T
(
1
2
uM τ¯R̟ τ¯̟R − τ¯M̟Θ̟
)
α2
α2
T
(uMτ¯R̟ τ¯R − τ¯MΘ̟ − τ¯M̟ΘT)
α3
α3
T
[
1
4
uMωRSωRS − ωMNτ̟N
]
α4 −α4
T
ωMNτN
α5
α5
T Ru
M − 2α5∇R∇(R
(
uM)
T
)
+ 2∇(R
(
uM)
T
)
∂Rα5 + 2α5∇M∇R
(
uR
T
)
− 2∇R
(
uR
T
)
∇Mα5
Table 3: Class HS free energy current up to second derivative order.
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where R is the Ricci scalar. Note the second and forth terms in particular: the former is non-
hydrostatic while the latter vanishes. However, their variations do contribute to hydrostatic
constitutive relations as we shall see in the following. This is an instance of the “unnatural-
ness” arising due to the absence of torsion we talked about around eq. (2.4). In the presence
of torsion, both of these terms are actually hydrostatic. Astute reader might note that by this
token we should also include the quadratic terms coupling to τMτM and H
MNHMN. However,
in the absence of torsion their variations only lead to non-hydrostatic constitutive relations
and thus can be ignored here.
Varying N in eq. (3.1) and using the formulas in eq. (2.13), we can now read out the Class
HS constitutive relations and free energy current. Note that the δB variation of fluid variables
can be represented in terms of δBgMN as
δBT = TV
MuNδBgMN, δB̟ =
1
2T
uMuNδBgMN, δBu
M =
(
2uMV(RuS) +VMuRuS
) 1
2
δBgRS,
δBuM =
(
−VMuRuS + 2P (RM uS)
) 1
2
δBgRS, δBVM =
(
−2VMu(RVS) + 2P (RM VS)
) 1
2
δBgRS, (3.2)
while that of Ricci scalar as
δBR =
(
−2RMN + 2∇(M∇N) − 2gMN∇R∇R
) 1
2
δBgRS. (3.3)
These will be useful in the variational calculation. We have summarised our results in tables 2
and 3. They enlist the term by term contribution to TMN and NM coming from varying eq. (3.1).
The full Class HS constitutive relations and free energy current will be a direct sum of all these
contributions.
3.2 Non-hydrostatic transport (Classes D and D)
Up to second derivative order, the non-hydrostatic constitutive relations in eq. (2.14) get con-
tributions from a zero derivative tensor C
(MN)(RS)T
1 and a tensor C
(MN)(RS)
0 with at most one
derivative
TMN
D∪D = −C
(MN)(RS)
0
1
2
δBgRS − C(MN)(RS)T1
1
2
∇TδBgRS − 1
2
∇TC(MN)(RS)T1
1
2
δBgRS +O(∂3). (3.4)
The respective contribution to the free energy current truncated to two derivatives is given as
NM
D∪D = −
1
8
C
(RS)(AB)M
1 δBgRSδBgAB +O(∂3). (3.5)
Interestingly, it is only non-vanishing for the Class D constitutive relations associated with
D
(RS)(AB)M
1 = C
(RS)(AB)M
1 . Class D constitutive relations up to second derivative order do not
need any free-energy transport.
Let us start our discussion with C0. We need the most generic 4-tensor C
(MN)(RS)
0 made out
of 0 and 1-derivative data with appropriate symmetry properties. Note that none of the
indices can come from a uM because the respective terms are eliminated by the equations of
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# C
(MN)(RS)
0 T
MN ∋ −C(MN)(RS)0 12δBgRS
η 2Tη PM〈RPS〉N −ησMN
ζ Tζ PMNPRS −ζ PMNΘ
κT 4T2κ V(MPN)(RVS) −2Tκ V(MτN)
δ+1 2T
2δ+1
(
V(MPN)〈RPS〉(AVB)
)
δBgAB 2Tδ
+
1 V
(MPN)〈RτS〉 −δ+1 V(MσN)RτR
δ−1 2T
2δ−1
(
V(RPS)〈MPN〉(AVB)
)
δBgAB 2Tδ
−
1 τ
〈MPN〉(RVS) −δ−1 τ〈MτN〉
δ+2 2T
2δ+2
(
V(MPN)(AVB)PRS
)
δBgAB 2Tδ
+
2 V
(MτN)PRS −2δ+2 V(MτN)Θ
δ−2 2T
2δ−2
(
V(RPS)(AVB)PMN
)
δBgAB 2Tδ
−
2 P
MNV(RτS) −δ−2 PMNτRτR
δ+3 2T
2δ+3
(
PM〈APB〉NPRS
)
δBgAB 2Tδ
+
3 σ
MNPRS −2δ+3 σMNΘ
δ−3 2T
2δ−3
(
PR〈APB〉SPMN
)
δBgAB 2Tδ
−
3 P
MNσRS −δ−3 PMNσRSσRS
δ4 2T
2δ4
(
PA〈MPB〈RPS〉N〉
)
δBgAB 2Tδ4 σ
〈M〈RPS〉N〉 −δ4 σ〈MRσ N〉R
δ5 T
2δ5 (PMNPRSPAB) δBgAB 2Tδ5 P
MNPRSΘ −2δ5 PMNΘ2
δ+6 2Tδ
+
6 V
(MPN)〈Rτ¯S〉̟ −δ+6 V(MσN)Rτ¯̟R
δ−6 2T
2δ−6 τ¯
〈M
̟ P
N〉(RVS) −δ−6 τ¯〈M̟ τN〉
δ+7 2T
2δ+7 V
(Mτ¯
N)
̟ P
RS −2δ+7 V(Mτ¯N)̟ Θ
δ−7 2T
2δ−7 P
MNV(Rτ¯
S)
̟ −δ−7 PMNτ¯R̟τR
δ¯8 2Tδ¯8 V
(MωN)(RVS) −δ¯8 V(MωN)RτR
δ¯9 2Tδ¯9 ω
〈M〈RPS〉N〉 −δ¯9 ω〈MRσRN〉
Table 4: Terms in C
(MN)(RS)
0 with at most one derivative and their contribution to the second order
Class D and D constitutive relations. Here we have defined δ±i = (δi± δ¯i)/2. The transport coefficients
δi couple to Class D constitutive relations while δ¯i couples to Class D.
motion. Note also that there are 1-derivative terms in C0 which are constructed using δBgMN,
i.e. C
(MN)(RS)(AB)
0 δBgAB ∈ C(MN)(RS)0 . The respective contribution to TMN would be
1
2
C
(MN)(RS)(AB)
0 δBgABδBgRS. (3.6)
However, we would get the same contribution to TMN if we started with a (RS) ↔ (AB)
swapped term C
(MN)(AB)(RS)
0 δBgAB ∈ C(MN)(RS)0 instead. Therefore to avoid over-counting, we
need to ensure that if we include a term C
(MN)(RS)(AB)
0 δBgAB in C
(MN)(RS)
0 , we should drop out a
corresponding term C
(MN)(AB)(RS)
0 δBgAB which would give the same contribution to the constitu-
tive relations. Keeping in mind this minor technicality, we have enlisted all the possible terms
in C0 and their contribution to T
MN in table 4. There is no associated free energy current.
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# C
(MN)(RS)T
1 T
MN ∋ −C(MN)(RS)T1 12∇TδBgRS − 12∇TC(MN)(RS)T1 12δBgRS
δ+10 2Tδ
+
10 P
T(MVN)PRS −2V(MPN)R
[
δ+10∂RΘ+
T
2
Θ∂R
(
δ+10
T
)]
+ δ+10V
(M∇N)uRτR
δ−10 −2Tδ−10 PMNV(RPS)T PMN
[
δ−10∇RτR +
T
2
τR∂R
(
δ−10
T
)]
+ δ−10V
(M∇RuN)τR
δ+11 2Tδ
+
11 V
(MPN)〈RPS〉T
−V(MPN)R
[
δ+11∇TσRT +
T
2
σRT∂T
(
δ+11
T
)]
+
1
2
δ+11V
(M
(
∇RuN) + PN)RΘ− 2
d
∇N)uR
)
τR
δ−11 −2Tδ−11 PT〈MPN〉(RVS)
PT〈MPN〉R
[
δ−11∇TτR +
T
2
τR∂T
(
δ−11
T
)]
+
1
2
δ−11V
(M
(
∇N)uR + PN)RΘ− 2
d
∇RuN)
)
τR
δ¯12 2Tδ¯12 P
MNPRSuT
−2PMN
[
δ¯12u
R∂RΘ+
T
2
ΘuR∂R
(
δ¯12
T
)]
−PMN δ¯12
(
Θ2 − aRτR
)− 2δ¯12V(MaN)Θ
δ¯13 2Tδ¯13 P
M〈RPS〉NuT
−PMRPNS
[
δ¯13u
R∇RσRS + T
2
σRSuT∂T
(
δ¯13
T
)]
−δ¯13
(
1
2
σMNΘ− a〈MτN〉
)
− δ¯13V(MσN)RaR
Table 5: Zero derivative terms in C
(MN)(RS)T
1 and their contribution to the second order Class D and D
constitutive relations. Here we have defined δ±i = (δi ± δ¯i)/2. The transport coefficients δi couple to
Class D constitutive relations while δ¯i couples to Class D.
# NM ∈ −1
8
C
(RS)(AB)M
1 δBgRSδBgAB
δ¯10 − δ¯10
2T
τMΘ
δ¯11 − δ¯11
4T
σMNτN
δ¯12 − δ¯12
T
uMΘ2
δ¯13 − δ¯13
4T
uMσMNσMN
Table 6: Class D free energy current up to second derivative order. This is the only contribution to
the non-hydrostatic free energy current.
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Let us now move on to C1. We need to write down the most generic 5-tensor C
(MN)(RS)T
1 made
out of 0-derivative data. Note that the index T cannot come from a VT because the respective
term will have a contraction with ∇T causing it to vanish. The remaining 4 indices cannot
come from a uM as the respective terms have been eliminated using the equations of motion.
The resultant allowed terms in C1 have been enlisted in table 5 along with their contribution
to the constitutive relations. The respective contribution to the free energy current has been
given in table 6.
It should be noted that there is a plausible term αV(MPN)(RVS)uT in C1 which we have not
included in table 5. Its contribution to TMN, after some simplification, would have been
−1
2
V(M
[
α∇N)
(
1
T
ΘT
)
− 1
T2
α∇N)uR∇RT+ 1
2T
ατN)Θ+
1
2T
τN)uR∂Rα
]
. (3.7)
Note that the last three terms are composites and are linearly dependent on the contributions
from C0. The first term is pure derivative, but is made linearly dependent by the equations
of motion. Hence the contribution of αV(MPN)(RVS)uT is not linearly independent onshell.
It is worth pointing out that this apparent exception is another “unnatural” consequence
of working with no torsion. In presence of torsion, the respective contribution would have
included an independent term coupling to V(MuR∇RτN).
3.3 Mass Frame
In our analysis above, we had fixed the hydrodynamic redefinition freedom in uM, T and µm
by relating them to βM, as defined in eq. (2.10). Although this is a convenient choice of frame
for computations, it is not the most physically interesting one. A better physically motivated
choice is the so called “mass frame”, in which the mass current (after null reduction) does
not get any derivative corrections. It is defined as
TMNmf VN = −RuM − EVM. (3.8)
Let us start with the results in our frame and schematically represent them as
TMN = RuMuN + 2Eu(MVN) + PPMN + T MN +O(∂3), (3.9)
where the tensor T MN contains all the derivative corrections. A generic change of frame would
amount to a field redefinition
uM → uM + δuM, T → uM + δT, ̟ → uM + δ̟. (3.10)
We can check that the first order null fluid automatically respects the mass frame, so we
only need to perform this redefinition for second order variations δuM, δT and δ̟. This
immediately implies that T MN remains unchanged up to three derivative terms. Under a
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second order redefinition therefore, the energy momentum tensor changes as
TMNmf = Ru
MuN + 2Eu(MVN)+ PPMN + 2Ru(MδuN)+
(
∂R
∂T
δT+
∂R
∂̟
δ̟
)
uMuN + 2(E+ P)V(MδuN)
+ 2
(
∂E
∂T
δT+
∂E
∂̟
δ̟
)
u(MVN) +
(
E+ P
T
δT + TRδ̟
)
PMN + T MN +O(∂3). (3.11)
The condition (3.8) then requires
(
1
TδT
Tδ̟
)
= −
(
T ∂E∂T
1
T
∂E
∂̟
T ∂R∂T
1
T
∂R
∂̟
)−1(T MNuMVN
T MNVMVN
)
, δuM =
1
R
PMNT NRVR. (3.12)
After plugging these back into eq. (3.11), we can get TMN in the mass frame
TMNmf = Ru
MuN + 2Eu(MVN) + PPMN + T MNmf +O(∂3), (3.13)
where
T MNmf = 2V(MPN)RT RS
(
E+ P
R
VS − uS
)
− T RS
(
∂P
∂E
uRVS +
∂P
∂R
VRVS
)
PMN + PMRP
N
ST MN. (3.14)
This finishes our discussion of second order null fluids. The respective constitutive relations
and free energy current, in offshell hydrodynamic frame, have been summarised in tables 2
to 6. If the reader is instead interested in the results in mass frame, the formula for translation
is given in eq. (3.14). In the next section, we will perform null reduction on these results to
obtain the constitutive relations of a second order Galilean fluid.
4 | Second order Galilean fluids via null reduction
We will now reduce our null fluid results presented in section 3, to obtain the constitutive
relations of a Galilean fluid up to second order. We will mainly focus on the covariant
Newton-Cartan notation to deal with Galilean fluids coupled to curved backgrounds. Later,
specialising to flat backgrounds, we will also discuss the conversion of these results to the
conventional non-covariant notation. For more details, please refer to our previous work
[11].
4.1 Newton-Cartan backgrounds
Newton-Cartan geometries are a covariant representation of spacetimes which respect Galilean
symmetries. As we established in [11], Newton-Cartan backgrounds are related to null back-
grounds by a mere choice of basis. In the following we briefly review the argument, and in
the process introduce the reader to the basics of Newton-Cartan backgrounds. For a fuller
and excellent review of Newton-Cartan geometries, please refer the appendix of [28].
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On a null background, we choose a basis {xM} = {x−, xµ} such that the null isometry
V = {V = ∂−}. The fact that V is an isometry implies that all the fields in the theory are in-
dependent of the x− coordinate. To perform the reduction, we require an arbitrary null field
vM normalized as vMvM = 0, vMVM = −1, which can be interpreted as providing a “Galilean
frame of reference”. In the case of a null fluid, the null fluid velocity vM = uM defines a special
Galilean frame which we refer to as the “fluid frame of reference”. In an arbitrary Galilean
frame, we decompose the fields VM, vM and gMN in the chosen basis as
VM =
(
1
0
)
, vM =
(
vµB
(v)
µ
vµ
)
, gMN =
(
0 −nν
−nµ hµν + 2n(µB(v)ν)
)
, (4.1)
along with
VM =
(
0
−nµ
)
, vM =
(
−1
B
(v)
µ
)
, gMN =
(
hνρB
(v)
ν B
(v)
ρ − 2vµB(v)µ hνρB(v)ρ − vν
hµνB
(v)
ν − vµ hµν
)
, (4.2)
such that
nµv
µ = 1, vµhµν = 0, nµh
µν = 0, hµρh
ρν + nµv
ν = δ νµ . (4.3)
The collection of fields {nµ, vµ, hµν, hµν, B(v)µ } defines a Newton-Cartan structure. The torsionless-
ness condition HMN = 0 implies that the “time-metric” n = nµdxµ is a closed one-form,
i.e. dn = 0; this is known to be true for torsionless Newton-Cartan structures. Note
that after choosing the said basis, the residual diffeomorphisms are xµ → xµ + χµ(xν) and
x− → ξ− + χ−(xµ). The former of these are just the Newton-Cartan diffeomorphisms, while
the latter are known as “mass gauge transformations”. B
(v)
µ is the only field that transforms
under this gauge transformation
δχ−B
(v)
µ = −∂µχ−, (4.4)
and hence is known as the mass gauge field. The Levi-Civita connection ΓRMN decomposes in
this basis as
Γλµν = v
λ∂(µnν) +
1
2
hλρ
(
∂µhρν + ∂νhρµ − ∂ρhµν
)−Ω(v)
σ(µ
nν)h
σλ,
Γ−µν = hλ(µ∇˜ν)vλ − ∇˜(µB(v)ν) , (4.5)
and all the remaining components zero. Here we have identified Γλµν as the (torsionless)
Newton-Cartan connection and denoted the respective covariant derivative by ∇˜µ. We have
also defined the (dual) frame vorticity as
Ω
(v)
µν = 2hσ[ν∇˜µ]vσ = ∂µB(v)ν − ∂νB(v)µ . (4.6)
The covariant derivative ∇˜ acts on the Newton-Cartan structure appropriately
∇˜µnν = 0, ∇˜µhρσ = 0, ∇˜µhνρ = −2n(νhρ)σ∇˜µvσ. (4.7)
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Note that vM was an arbitrary field chosen to perform the reduction, and one is allowed to
arbitrarily redefine it without changing the physics. This leads to the invariance of the system
under “Milne transformations” of the Newton-Cartan structure
vµ → vµ + ψµ, hµν → hµν − 2n(µψν) + nµnνψρψρ, B(v)µ → B(v)µ + ψµ − 12nµψ
ρψρ, (4.8)
where ψµnµ = 0, ψµ = hµνψν. The fields nµ, hµν and the connection Γ
ρ
µν on the other hand are
Milne invariant.
We can now decompose the fluid velocity uM and the associated projector PMN as
uM =
(
uµBµ
uµ
)
, uM =
(
−1
Bµ
)
, PMN =
(
0 0
0 pµν
)
, PMN =
(
pνρBνBρ p
µνBν
pµνBν p
µν
)
. (4.9)
The fields {nµ, uµ, pµν, pµν, Bµ} define the Newton-Cartan structure in the fluid frame of refer-
ence, satisfying,
nµu
µ = 1, uµpµν = 0, nµp
µν = 0, pµρp
ρν + nµu
ν = δ νµ . (4.10)
They can be re-expressed in terms of {nµ, vµ, hµν, hµν, B(v)µ } using eq. (4.8) with ψµ = u¯µ =
hµνu
ν = uµ − vµ,
pµν = hµν, pµν = hµν − 2n(µu¯ν) + nµnνu¯ρu¯ρ, Bµ = B(v)µ + u¯µ − 12nµu¯
ρu¯ρ. (4.11)
The (dual) fluid vorticity is defined similar to the (dual) frame vorticity as,
Ωµν = 2pσ[ν∇˜µ]uσ = ∂µBν − ∂νBµ. (4.12)
The mass current ρµ, energy current ǫµ and stress tensor tµν on Newton-Cartan backgrounds
can be respectively read out in terms of TMN as (see [11] for details)
ρµ = −TµMVM, ǫµ = −TµMuM, tµν = PµMPνNTMN. (4.13)
with tµν = tνµ and tµνnν = 0. They satisfy the conservation laws
Mass Conservation: ∇˜µρµ = 0,
Energy Conservation: ∇˜µǫµ = − (uµρσ + tµσ) pσν∇˜µuν,
Momentum Conservation: ∇˜µ(uµpσνρν + tµσ) = −ρµ∇˜µuσ. (4.14)
Here, the energy current ǫµ and the stress tensor tµν in eq. (4.13) are defined in the fluid
frame of reference; we can define the respective quantities in an arbitrary frame of reference
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as
ǫ
µ
(v)
= −TµMvM = ǫµ + uµu¯νpνρρρ + 1
2
ρµu¯ρu¯ρ + t
µνu¯ν,
t
µν
(v)
= (P(v))
µ
M(P(v))
ν
NT
MN = tµν + 2u¯(µh
ν)
σρ
σ − u¯µu¯νρσnσ, (4.15)
where PMN(v) = g
MN + 2v(MVN). They satisfy the respective conservation laws
∇˜µǫµ(v) = −
(
vµρσ + t
µσ
(v)
)
hσν∇˜µvν
∇˜µ(vµhσνρν + tµσ(v)) = −ρµ∇˜µvσ. (4.16)
In the following, we will only present the constitutive relations in the fluid frame of reference.
However, we can always use eq. (4.15) to go to any arbitrary frame.
4.2 Second order Galilean fluids
Having reviewed the general rules of null reduction, we can now go on and reduce the null
fluid constitutive relations. To setup the notation, we have reduced the first order fluid data
in table 7. We can use the formulae in eq. (4.13) to convert the null fluid energy momentum
tensor TMN in tables 2, 4 and 5 into Galilean fluid mass current ρµ in table 8, energy current
ǫµ in table 9 and stress tensor stress tensor tµν in table 10. The results schematically look like
ρµ = (R+ ςρ)u
µ + ς
µ
ρ , ǫ
µ = (E+ ςǫ)u
µ + ς
µ
ǫ , t
µν = Ppµν + ς
µν
t . (4.17)
The tensors ςρ, ς
µ
ρ , ςǫ, ς
µ
ǫ and ς
µν
t contain derivative corrections with ς
µν
t = ς
νµ
t and ς
µ
ρnµ =
ς
µ
ǫnµ = ς
µν
t nµ = 0. These are the Galilean fluid constitutive relations in the offshell hydrody-
namic frame. If we are rather interested in the results in mass frame defined in section 3.3,
we can reduce eq. (3.14) to get
ςρ,mf = ς
µ
ρ,mf = ςǫ,mf = 0, ς
µ
ǫ,mf = ς
µ
ǫ − E+ P
R
ς
µ
ρ , ς
µν
t,mf = ς
µν
t − pµν
(
∂P
∂E
ςǫ +
∂P
∂R
ςρ
)
.
(4.18)
These mass frame results have also been presented in tables 8 to 10 alongside their offshell
frame counterparts.
Summary of transport coefficients: At ideal order, there is just one independent transport
coefficient: the thermodynamic pressure P. Thermodynamic energy density E and mass
density R are determined in terms of P via the thermodynamic relation
dP =
E+ P
T
dT + TRd̟. (4.19)
At first order, there are three new transport coefficients: shear viscosity η, bulk viscosity ζ and
thermal conductivity κ. All three of them are dissipative and are required to be non-negative
by the second law. At second order, there are 25 independent transport coefficients. 5 of them
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Null backgrounds Newton-Cartan Non-covariant (flat)
Non-hydrostatic — onshell independent
Θ ∇MuM Θ ∇˜µuµ Θ ∂iui
τM, τ¯M PMN 1T ∂NT τ
µ, τ¯µ pµν 1T ∂νT τ
i, τ¯i 1T ∂
iT
σMN 2PR〈MPN〉S∇RuS σµν 2pρ〈µ∇˜ρuν〉 σij 2∂〈iuj〉
Non-hydrostatic — onshell dependent
ΘT u
M 1
T ∂MT ΘT u
µ 1
T∂µT ΘT
1
T
(
∂tT + ui∂iT
)
Θ̟ u
MT∂M̟ Θ̟ u
µT∂µ̟ Θ̟ T
(
∂t̟+ ui∂i̟
)
τM̟ P
MN (T∂N̟+ uR∇RuN) τµ̟ pµνT∂ν̟ + uR∇Ruµ τi̟ T∂i̟+ ∂tui + uj∂jui
Hydrostatic
τ¯M̟ P
MNT∂N̟ τ¯
µ
̟ p
µνT∂ν̟ τ¯
i
̟ T∂
i̟
ωMN 2PR[MPN]S∇RuS ωµν 2pρ[µ∇˜ρuν] ωij 2∂[iuj]
Table 7: First order fluid data in null background, Newton-Cartan and non-covariant notations. Non-
covariant results have been specialised to flat backgrounds.
# ρµ ρ
µ
mf
P
1
T
∂P
∂̟
uµ ≡ Ruµ
α1
1
T
(
1
2
∂α1
∂̟
τ¯
µ
̟ τ¯̟µ − ∇˜ν(α1Tτ¯ν̟)
)
uµ 0
α2
1
T
(
∂α2
∂̟
τ¯
µ
̟ τ¯µ − ∇˜ν(α2Tτ¯ν)
)
uµ 0
α3
1
4T
∂α3
∂̟
ωρσωρσ u
µ − ∇˜ν (α3ωνµ) 0
α5
1
T
∂α5
∂̟
Ruµ 0
Table 8: Mass current of a Galilean fluid up to second derivative order in offshell frame and mass
frame respectively. Note that in mass frame, the mass current is simply ρ
µ
mf = Ru
µ.
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# ǫµ ǫ
µ
mf
P T2
∂(P/T)
∂T
uµ ≡ Euµ
κT −Tκτµ
α1
1
2
∂(Tα1)
∂T
τ¯
ρ
̟ τ¯̟ρ u
µ + α1τ¯
µ
̟Θ̟ α1τ¯
µ
̟Θ̟
α2
[
T2
∂(α2/T)
∂T
τ¯
ρ
̟ τ¯ρ − T∇ν
(α2
T
τ¯ν̟
)]
uµ
+α2τ¯µΘ̟ + α2τ¯
µ
̟ΘT
α2τ¯
µΘ̟ + α2τ¯
µ
̟ΘT
α3
1
4
T2
∂(α3/T)
∂T
ωνρωνρ u
µ + α3ω
µνaν α3ω
µνaν +
E+ P
R
∇˜ν (α3ωνµ)
α4 −∇˜ν(α4ωνµ) −∇˜ν(α4ωνµ)
α5
(
T2
∂(α5/T)
∂T
R+ 2pρσ∇˜ρ∇˜σα5
)
uµ
+2α5pµνRνρuρ − 2pµνuρ∇˜ν∇˜ρα5
2α5p
µνRνρu
ρ − 2pµνuρ∇˜ν∇˜ρα5
δ+1 − 12δ+1 σµντν
δ+2 −δ+2 τµΘ
δ+6 − 12δ+6 σµντ¯̟ν
δ+7 −δ+7 τ¯µ̟Θ
δ¯8 − 12 δ¯8ωµρτρ
δ+10 −pµρ
[
δ+10∂ρΘ+
T
2Θ∂ρ
(
δ+10
T
)]
+ 12δ
+
10p
µντσ∇˜νuσ
δ−10 − 12δ−10τσ∇˜σuµ
δ+11 − 12
[
δ+11∇˜νσµν + T2 σµν∂ν
(
δ+11
T
)]
+ 14δ
+
11
(
τν∇˜νuµ + τµΘ− 2d pµρτσ∇˜ρuσ
)
δ−11 − 14δ−11
(
pµρτσ∇˜ρuσ + τµΘ− 2dτν∇˜νuµ
)
δ¯12 −δ¯12aµΘ
δ¯13 − 12 δ¯13σµνaν
Table 9: Energy current of a Galilean fluid up to second derivative order in offshell frame and mass
frame respectively. Note that the only difference in the two frames comes in the hydrostatic sector.
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# tµν t
µν
mf
P Ppµν
η −ησµν
ζ −ζpµνΘ
α1
1
2
α1p
µντ¯
ρ
̟τ¯̟ρ − α1τ¯µ̟ τ¯ν̟
1
2
α1p
µντ¯
ρ
̟τ¯̟ρ − α1τ¯µ̟ τ¯ν̟ − pµν
∂P
∂E
1
2
∂(Tα1)
∂T
τ¯
ρ
̟τ¯̟ρ
−pµν ∂P
∂R
1
T
(
1
2
∂α1
∂̟
τ¯
µ
̟τ¯̟µ − ∇˜ν(α1Tτ¯ν̟)
)
α2 p
µνα2τ¯
ρ
̟ τ¯ρ − 2α2τ¯(µ̟ τ¯ν)
pµνα2τ¯
ρ
̟ τ¯ρ − 2α2τ¯(µ̟ τ¯ν)
−pµν ∂P
∂E
(
T2
∂(α2/T)
∂T
τ¯
ρ
̟ τ¯ρ − T∇ν
(α2
T
τ¯ν̟
))
−pµν ∂P
∂R
(
∂α2
∂̟
τ¯
ρ
̟ τ¯ρ − ∇˜ν(α2Tτ¯ν)
)
α3
1
4
α3p
µνωρσωρσ − α3ωµρωνρ
1
4
α3p
µνωρσωρσ − α3ωµρωνρ
−pµν ∂P
∂E
T2
4
∂(α3/T)
∂T
ωνρωνρ − pµν ∂P
∂R
1
4T
∂α3
∂̟
ωρσωρσ
α5
pµν
(
α5R− 2pρσ∇˜ρ∇˜σα5
)
−2pµρpνσ (α5Rρσ − ∇˜ρ∇˜σα5)
pµν
(
α5R− 2pρσ∇˜ρ∇˜σα5
)− 2pµρpνσ (α5Rρσ − ∇˜ρ∇˜σα5)
−pµν ∂P
∂E
(
T2
∂(α5/T)
∂T
R+ 2pρσ∇˜ρ∇˜σα5
)
−pµν ∂P
∂R
1
T
∂α5
∂̟
R
δ−1 −δ+1 τ〈µτν〉
δ−2 −δ−2 pµντρτρ
δ+3 −2δ+3 σµνΘ
δ−3 −δ−3 pµνσρσσρσ
δ4 −δ4σ〈µρσρν〉
δ5 −2δ5pµνΘ2
δ−6 −δ+6 τ¯〈µ̟ τµ〉
δ−7 −δ−7 pµντ¯ρ̟τρ
δ¯9 −δ¯9ω〈µρσρν〉
δ−10 −pµν
[
δ−10∇˜ρτρ + T2 τρ∂ρ
(
δ−10
T
)]
δ−11 −Pρ〈µPν〉σ
[
δ−11∇˜ρτσ + T2 τR∂T
(
δ−11
T
)]
δ¯12 −2pµν
[
δ¯12u
ρ∂ρΘ+
T
2Θu
ρ∂ρ
(
δ¯12
T
)]
− pµνδ¯12
(
Θ2 − aρτρ
)
δ¯13 −
[
δ¯13u
ρ∇˜ρσµν + T
2
σµνuρ∂ρ
(
δ¯13
T
)]
−δ¯13
(
1
2
σµνΘ− a〈µτν〉
)
Table 10: Stress-energy tensor of a Galilean fluid up to second derivative order in offshell frame and
mass frame respectively. Note that the only difference in the two frames comes in the hydrostatic
sector.
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are hydrostatic belonging to Class HS
α1, α2, α3, α4, α5. (4.20)
Other 20 are non-hydrostatic. 11 in Class D
δ¯1, δ¯2, δ¯3, δ¯6, δ¯7, δ¯8, δ¯9, δ¯10, δ¯11, δ¯12, δ¯13, (4.21)
and 9 in Class D
δ1, δ2, δ3, δ4, δ5, δ6, δ7, δ10, δ11. (4.22)
Second law gives no inequality constraints on these transport coefficients. For some transport
coefficients in tables 8 to 10, we have denoted δ±i = (δ± δ¯i)/2.
4.3 Non-covariant results in flat spacetime
When the Galilean fluid is coupled to a flat background, it is perhaps more fitting to express
the results in the conventional non-covariant notation where the time and space indices are
treated distinctly. To make the transition, we note that on a Newton-Cartan background, we
can choose a basis {xµ} = {t, xi} such that the Galilean frame velocity (vµ) = ∂t. In this basis,
we decompose the Newton-Cartan structure as
nµ =
(
1
0
)
, vµ =
(
1
0
)
, pµν =
(
0 0
0 δij
)
, pµν =
(
0 0
0 δij
)
, B
(v)
µ = 0, (4.23)
where δij = δij is the Kronecker delta. It can be checked that the respective Newton-Cartan
connection Γλµν = 0, justifying the spacetime to be flat. The Newton-Cartan structure in the
fluid frame can also be worked out from here to be
uµ =
(
1
ui
)
, Bµ =
(
− 12ukuk
ui
)
, pµν =
(
0 0
0 δij
)
, pµν =
(
ukuk −uj
−ui δij
)
. (4.24)
We have enlisted the one derivative fluid data in table 7 to aid the transition of the constitutive
relations to non-covariant notation.
In flat spacetime, the conservation laws take the well known form
Mass Conservation: ∂tρ
t + ∂iρ
i = 0
Energy Conservation: ∂tǫ
t
(v) + ∂iǫ
i
(v) = 0
Momentum Conservation: ∂tρ
j + ∂it
ij
(v)
= 0. (4.25)
Here we have identified various Galilean quantities as expressed in the Galilean frame defined
by ∂t: mass density ρ
t, mass current ρi, energy density ǫt(v), energy current ǫ
i
(v) and stress
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tensor t
ij
(v)
. For a Galilean fluid, they take a schematic form
ρt = R+ ςρ, ρ
i = ρtui + ςiρ, t
ij
(v)
= Pδij + ρtuiuj + 2u(iς
j)
ρ + ς
ij
t ,
ǫt(v) = E+
1
2
(R+ ςρ)u
kuk + ς
k
ρuk + ςǫ, ǫ
i
(v) =
(
ǫt(v) + P
)
ui +
1
2
ςiρu
ku¯k + ς
i
ǫ + ς
ij
t uj, (4.26)
where ςρ, ς
i
ρ, ςǫ, ς
i
ǫ and ς
ij
t contain all the derivative corrections. We can also use the mass
hydrodynamic frame
ρtmf = R, ρ
i
mf = Ru
i, t
ij
(v),mf
= Pδij + Ruiuj + ς
ij
t,mf,
ǫt(v),mf = E+
1
2
Rukuk, ǫ
i
(v),mf =
(
E+ P+
1
2
Rukuk
)
ui + ςiǫ,mf + ς
ij
t,mfuj. (4.27)
in which the expressions look most familiar. For the constitutive relations up to second order,
the respective derivative corrections can be directly read out from tables 8 to 10 using results
in table 7.
We have now completed the most generic analysis of the constitutive relations of a Galilean
fluid up to second derivative order. Before closing this paper, in the next section we present
an example of how these second order terms might find relevance in a physical process. We
consider a ball being dragged through a Galilean fluid and study corrections to the Stokes’
law due to a representative second order term.
5 | Second order corrections to the Stokes’ law
In this section, we analyse the effect of the second order transport coefficients on a well known
hydrodynamic phenomenon, namely the Stokes’ law.1 The physical setup is the following:
we are interested in finding out the fluid profile around a spherical ball that is moving at a
constant velocity in a fluid of infinite extent. Given the symmetries of the problem, we will
choose a spherical coordinate system (r, θ, φ). The radius of the ball ℓ, its constant velocity Uzˆ
with respect to the fluid at infinity, fluid density R and fluid viscosity η are the parameters
of the problem. The fluid resists the motion of the ball due to its viscosity by applying a
drag force opposite to its direction of motion. Its magnitude is determined by the Stokes’ law
~F = −6πηℓUzˆ. (5.1)
This law follows from the momentum conservation eq. (4.25), commonly known as the Navier-
Stokes (NS) equation, under certain assumptions which we outline below. For a first order
dissipative non-relativistic fluid NS equation takes the form
R∂tu
i + Ruj∂ju
i = −∂iP+ η∂2ui +
(
ζ +
1
3
η
)
∂i∂ju
j, (5.2)
1This is a very famous problem and described in many texts on fluid dynamics.
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where the transport coefficients η, ζ have been assumed to be constant in spacetime. The prob-
lem can be made time independent by working in the rest frame of the ball, so that far away
from the ball, the velocity of fluid is −Uzˆ. We will ignore any inertial effects all together. Next
we consider the fluid to be incompressible (R is constant) and hence by virtue of the equation
of continuity (mass conservation equation), the fluid velocity becomes divergenceless
∂tR+ ∂i(Ru
i) = R∂iu
i = 0. (5.3)
These assumptions simplify the NS equation eq. (5.2) to be
Ruj∂ju
i = −∂iP+ η∂2ui. (5.4)
Due to the axisymmetric nature of our problem, uφ can be taken to be 0 and all the other fields
to be independent of the φ coordinate. With this ansatz, the fluid velocity can be expressed
in terms of a stream function ψ(r, θ)
~u =
1
r2 sin θ
(
∂θψ rˆ− ∂rψ θˆ
)
. (5.5)
So, for a given fluid (characterised by ρ, η), the problem is reduced to solving eq. (5.4) for the
pressure P and the stream function ψ, with boundary conditions: (1) P = P0 is constant at
infinity, (2) ~u = −Uzˆ at infinity and (3) ~u = 0 at the surface of the ball. The solutions are given
as
ψ =
1
2
U sin2 θ
(
ℓ3
2r
− 3
2
ℓr+ r2
)
, P = P0 − ηℓ3U cos θ
2r2
. (5.6)
We define the force per unit area on the ball as
d~F = tij xˆidaj = ℓ
2 sin θ dφdθ
(
P rˆ− ησrθ θˆ
)
= ℓ2 sin θ dφdθ
(
P0 rˆ− 3ηU
2ℓ
zˆ
)
. (5.7)
Stokes’ law follows from here by integrating this equation over the surface of the ball.
5.1 Navier-Stokes equation with second order scalar corrections
We now study the Navier-Stoke equation (5.2) in presence of second order transport coeffi-
cients. In particular, we want to see the second order corrections to the Stokes’ law2 given in
eq. (5.1). The full analysis of eq. (5.2) in presence of all second order coefficients is naturally
very involved, and is out of the scope of this paper. We plan to return to this analysis in the
future. Here, we are only interested in the second order scalar terms. As it turns out, such
terms do not change the fluid velocity profile and only affect the pressure.
We modify the stress tensor of our non-relativistic fluid with a scalar term proportional to a
2We thank Suvankar Dutta for suggesting this application.
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second order non-hydrostatic data S, giving us
tij = Ruiuj + Pδij − ησij + η˜Sδij, (5.8)
leaving the energy and mass currents unmodified. η˜ is the associated transport coefficient. In
terms of the transport coefficients defined in table 10, η˜ can be a linear combination of3
δ−2 , δ
−
3 , δ5, δ
−
7 , δ
−
10 −
1
2
δ+1 −
1
2d
δ+2 +
1
2
δ¯8, δ¯12 +
E+ P
R
δ+2 + δ
+
7 . (5.9)
Under the assumptions of incompressibility and constant transport coefficients, the associated
NS equation takes the form
∂iP+ Ruj∂ju
i − η∂2ui + η˜∂iS = 0. (5.10)
Taking a curl of this equation, P, S and η˜ drop out of the equation. The resultant equation is
just an equation in the velocity ignorant of our S corrections. Together with the divergence-
less condition, it completely determines the velocity profile which is independent of S and is
simply given by eq. (5.5).
Once we have obtained the velocity profile, the pressure P can be obtained by solving eq. (5.10).
In general, the solutions will crucially depend on the form of S. For example, if S only in-
volves the velocity and its derivatives, eq. (5.10) simply becomes a homogeneous first order
differential equation for P. The solution is given by a trivial extension of eq. (5.6)
P = P0 − ηℓ3U cos θ
2r2
− η˜S, (5.11)
where S is evaluated on the velocity profile. Since the stress tensor in eq. (5.8) only depends
on the combination P + η˜S, we can see that the contributions from η˜ drop out of it after
plugging in the solutions. It follows from eq. (5.7) therefore, that the Stokes’ law does not
receive any corrections. In fact the same argument goes through for any arbitrary S. Note
that eq. (5.10) can be rewritten as
∂i (P+ η˜S) = −Ruj∂jui + η∂2ui. (5.12)
After plugging in the solution for velocity, this equation can be integrated once to give
P+ η˜S = P0− ηℓ3U cos θ
2r2
. (5.13)
Depending on the pressure dependence of S, this equation might be non-trivial to solve.
However, as far as tij is concerned, we are only interested in the combination P + η˜S. It
follows therefore, that tij and hence the Stokes’ law does not receive any corrections due to
η˜.
3The combinations of transport coefficients are specifically chosen, so that the energy current does not get any
second order corrections.
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We have argued that the non-hydrostatic second order scalar corrections S do not affect the
Stokes’ law under the assumptions of incompressibility and constant transport coefficients
(which are the same as imposed by Landau in his book [29]). To see a non-trivial effect on the
Stokes’ law therefore, we should consider other tensorial corrections to the stress tensor. The
full analysis however, is expected to be pretty involved analytically, and we intend to return
to this in the near future.
6 | Discussion
In this paper, we have performed a complete second order analysis of uncharged parity-even
non-relativistic hydrodynamics using null fluid formalism. Second order terms in relativistic
hydrodynamics are required to maintain causality. Although there is no notion of causality
in a non-relativistic theory, if we look at it as a non-relativistic limit of a relativistic theory, we
might expect to see some signatures of the causality requirement. It is therefore important
to study the effect of second order terms in non-relativistic fluid constitutive relations. The
respective results can be found in section 4.2 in tables 8 to 10. To summarise, there are 25
new transport coefficients that appear at second order. 5 of them are hydrostatic, i.e. they
determine the equilibrium configuration of the fluid. 9 others are dissipative, i.e. they are
responsible for the production of entropy during dynamical processes, while the remaining
11 quantify dynamical processes which do not cause dissipation.
To understand the physical effect of these second order terms, we also explore how some of
these might modify the well known Stokes’ law, which tells us the drag force experienced by
a body while moving through a fluid. To first order, we already know that it is proportional
to the shear viscosity of the fluid [29]. We concluded that non-hydrostatic scalar corrections to
the stress tensor (terms that appear in the stress tensor as tij ∼ η˜Sδij) do not affect the Stokes’
law at all. This accounts for 6 out of 25 transport coefficients. There are 7 other terms which
only affect the energy profile and hence cannot contribute to the drag force. The remaining
12 coefficients can in principle however, affect the Stokes’ law in a non-trivial manner. One
particular term of interest would be the so called “relaxation” coupling to (∂t + uk∂k)σ
ij in the
stress tensor, analogue of which was required in relativistic fluids to salvage causality. Muller,
Israel and Stewart noted in [4–6] that the causal structure of relativistic hydrodynamics can be
recovered by adding a second order term proportional to uρ∇ρσµν to the energy-momentum
tensor. The associated transport coefficient is known as the “relaxation time”. For a non-
relativistic fluid, the corresponding term is related to δ¯13 in table 10. It will be interesting to
study the effect of this term on the Stokes’ law. The analysis however, is quite involved. We
intend to come back to this study in a future project.
Another prospective direction would be to compute the explicit form of these second order
transport coefficients using holography. The principles of hydrodynamics and the second
law of thermodynamics allow us to pen down the constitutive relations of a fluid up to
some unknown transport coefficients. Details of these transport coefficients, depend on the
References | 32
particular fluid in question and the details of the microscopic theory. Holography however,
allows us to compute these coefficients directly for a particular class of fluids. For relativistic
fluids, using the fluid/gravity correspondence [30, 31], transport coefficients for a holographic
plasma has been successfully computed (see [30–38] and references therein). For a first order
non-relativistic fluid, some progress in this direction has been made in [14]. We would like
to set up a holographic model dual to our null fluid construction and use it to compute the
associated transport coefficients. It would be interesting to see what this analysis has to tell
us about the second order transport coefficients talked about in this paper.
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